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WEIGHTED NORM INEQUALITIES FOR
STRONGLY SINGULAR CONVOLUTION OPERATORS
BY
SAGUN CHANILLO

ABSTRACT. We derive sharp function estimates for convolution operators whose
kernels are more singular than Calderon-Zygmund kernels. This leads to weighted
norm inequalities. Weighted weak (1.1) results are also proved. All the results
obtained are in the context of 4, weights.

0. Introduction. We begin by recalling notations relevant to R". Given a function
f(x), its Fourier transform will be denoted by

J(&) = [ f(x)e < Oax.

Throughout this paper v(x) and w(x) will denote nonnegative locally integrable
functions. We let

1/p
NI, = (fRnlf.ldeX) , 0<p< o0.

When w = 1, we simply write || f||,. Given E C R". We let w(E) = [,wdx and |E|
will, as usual, stand for the Lebesgue measure of E. Given a cube I € R”, cI, ¢ > 0,
will denote a cube concentric with / but with diameter ¢ times that of 1.

Let 6(£) be a smooth radial cut-off function #(£) = 1 if |§] > 1 and (&) = 0 if
1] < 1/2. In this paper we wish to study the multipliers

N el

T, f(§) = 0(£)wf($)~
where 0 < b <1 and 0 < a < nb/2. When a = nb/2 the resulting operator will be
denoted by T, f(x). These operators have been the subject of much study. In the
periodic situation they were investigated by Hardy-Littlewood and A. Zygmund [18],
and also I. I. Hirschman [8]. The study of these operators in the context of L?” spaces
was carried out by Hirschman [8], and S. Wainger [17]. Sharp endpoint estimates
were obtained by C. Fefferman and E. M. Stein in (7] using the duality of H' and
BMO. To be more precise, one has

(01) ”Thf”pgcp”f”p’ 1 <p< 0.
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If 0 < a<nb/2, then for p, such that |1 /p — 1/2| < a/nb,

(02) we have,

1Ty oSl < €N,

Moreover,
(0.3) (TGN > A< 5l s A >0,

The inequality (0.3) is due to C. Fefferman [6]. The p ranges in (0.1) and (0.2) are
best possible as has been shown by Wainger [17]. The operators T, , are not
Harmander-Mihlin multipliers but furnish examples of multipliers with S 5" sym-
bols, with m > 0, p < 1. In this context these multipliers were studied by L.
Hoérmander [9].

Our aim is to examine conditions on w(x) so that the estimate |7, ,f]|,. <
¢,|If1,.., holds. This question has been the subject of much study by several authors
in the case when the multipliers are Hormander multipliers or Calderén-Zygmund
kernels like, say, the Hilbert transform on the line. For example, in [10, 2] it was
shown that a necessary and sufficient condition on w(x), for the validity of the
estimate || Hf ||, ,, < ¢,|lfll ., 1 <p < oo (H = Hilbert transform), is

1 1 p-1
0.4 sup| — [wdx || — w"/"’“”dx) <ec.
©4 ,p(mf, i/

Here I denotes an interval in R; in R”, I is taken to be a cube. (0.4) is referred to
as the A, condition. The techniques of estimating Calderon-Zygmund kernels so as
to derive weighted estimates are not adequate in the case of the strongly singular
operators T,. The reason is rather simple. The kernel for T, is very singular. Roughly
speaking, it looks like K, (x) = e™"" /|x|", b = b/(1 — b). Indeed the cancellation
is minimal and if one makes a quick computation for |x| > 2|y|, one gets

|Ky (x = ») = Ky (x) < clyl/Jx"" "
Thus, in comparison with the term |y|/|x|"*' obtained from Calderon-Zygmund
kernels, we expect local problems. The point of view we adopt to estimate the

strongly singular kernels is through a function called the sharp function introduced
by Fefferman and Stein in [7]. This is given by

£(x) = sup - (17—
1#(x) = sup o fIf = fild,

xel

where I is a cube in R" and f, = |I|™ '/, fdx. The use of the sharp function for weight
problems in the context of Calderon-Zygmund kernels has been made before by D.
Kurtz and R. L. Wheeden in [11]. The motivation behind this comes from Theorem
1 in [7). It is proved there that the operator T, maps bounded functions into BMO.
BMO is the class of locally integrable functions such that || f#||, < oco. However, the
proof in [7] is L? in nature and will not yield sharp results in the context of 4 »
weights. For example, one fact that one could get is that, for 2 < p < c0 and
w € A, ITfll,w < 6l fll,.n- The way to get sharper results is to make more
effective use of the minimal cancellation present in the kernel for T,. This is the
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content of Lemma (2.1). This enables us to show the following

THEOREM A. Letw € A,, 1 < p < co. Then
(0.5) W6 SNy < Slf N -

Theorem A and interpolation allows us to prove the next result.

THEOREM B. Let o = nb|l/p — 1/2|, and w € A,. Then for 1 < p < o0, a < a <
nb/2, and for v, such that y = (a — a)/(nb/2 — «a), we have

”Tb,af”p,w7 < Cp“f”p,w"

We now consider the case p = 1. We say w € 4, if |[I|”',wdx < cessinf,w. The
main result then is as follows.

THEOREM C. Let w € A,. Then for A > 0
C
w(x: T,/ () > A) < 1 e

The proof of Theorem C is through an analysis of the multiplier, while for
Theorem A it is through the kernel. As pointed out for w = 1, Theorem C is due to
Fefferman [6]. The proof of (0.3) is L? in nature. For weight functions in A4, this is
not adequate and an L”? proof is needed for 1 < p < 2. The reason is that
Plancherel’s formula fails for 4, weights. This is done here by using the theory of
weighted H” spaces. We say a tempered distribution f is in H?, 0 < p < oo, if
IM(Nl,. < 0. M(f)(x) is the maximal function defined by

M(f)(x)= sup |f*o,(y)l

|x—y|<t

Here ¢ € C°(R") with [p.¢(x)dx = 1 and ¢,(x) = t~"¢(x/t). The spaces H? have
been investigated in detail by J.-O. Stromberg and A. Torchinsky [14-16]. However,
just by making up an L? proof of (0.3) the proof of Theorem C does not follow.
There is a deeper objection. In the proof of Theorem C, it is necessary to localize the
problem onto selected intervals. At this stage one uses estimates related to fractional
integrals. The presence of the weight prevents us from employing these estimates
right away. One way, one would hope as in the case of Calder6on-Zygmund kernels,
is to use the so-called reverse Holder inequality; but this worsens the estimates. The
idea then is to effectively localize the weight in a manner which is compatible with
the Calderon-Zygmund decomposition of f. This is Lemma (3.9). This lemma has
also proved helpful in other situations, with other types of oscillating kernels. This
will be discussed in a forthcoming paper on oscillating kernels with D. Kurtz and G.
Sampson.

We would like to point out that the condition 4, is not necessary for Theorem A
to hold. For example, if w(x) = (1 + |x|)*, « € R, then for any p, | < p < o0, (0.5)
does hold. This is very easy to see and is shown in §5. In the context of A » weights,
however, Theorem A is sharp as the next result shows.
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THEOREM D. Let w(x) = |x|®, a < -n or a > n(p — 1). Then for 1 <p < o0,
ITf Nl < €l f1l . fails.

This paper is organized as follows. §1 contains some basic results for 4, weights
and maximal functions. §2 contains the proof of Theorem A. In §3 we collect facts
about weighted Hardy spaces H? and develop the machinery needed to obtain a
proof of Theorem C. §4 contains the proof of Theorem C, and the last section, §5,
contains the proofs of Theorems B and D. To maintain the presentation short and
clear we present complete proofs of all the results only when n = 1. The extension to
n-dimensions is discussed in remarks following the proofs of the lemmas. The
extension to R” in most cases is evident. The R" version of Lemma (2.1) may be
deduced by using Hankel transform formulas of Chapter 4 of [13]. The basic outline
of the proof in R” still follows the n = 1 case. There are, however, more error terms
to handle arising from the asymptotics of Bessel functions and the resulting
computation is tedious and unilluminating and not central to the main develop-
ments. A partial example of what one may encounter in such a computation is in the
remarks following Theorem D, where the n-dimensional proof of Theorem D is
sketched. The one exception to this is the main Lemma (3.9) which is geometric and
a proof has been provided for R”. The symbol ¢ will as usual denote a generic
constant dependent on the dimension and possibly on the parameters b, a of the
operator T} ,. ‘3?0 will be the dense subspace of Hf of smooth functions such that
fe C$(R"™) and such that 0 does not lie in the support of f: see [16].

I would like to thank Richard Wheeden for his constant support and encourage-
ment. I also wish to thank Jan-Olov Stromberg and Alberto Torchinsky for sharing
with me their results on weighted Hardy spaces and, in particular, the interpolation
Theorem (3.2).

1. Preliminary lemmas.
THEOREM (1.1). The kernel for the multiplier operator T, f(x) is given by
eiah|,x|""

|x]"

with |h(x) < c(1 + |x])""* Y+ c|x| " *x(x| < 1), €¢>0. Here a,=b"/"1"" —
b/ =" and € depends only on b.

c x(xI< 1) +h(x), b =b/(1-b)

Theorem (1.1) is due to Wainger [17, p. 41].
We define the Hardy-Littlewood maximal function as follows:

1 1/r
(19 (x) = swp i furras | <o,
xel 17
I acubein R".
The following lemma follows from Theorem (1.1) by a standard argument.

LeEMMA (1.2). Let

iaplx|””

Ky(x) ==

—x (x| < 1),
(<D

b'=b/(1 —b) and a, = b0 —pl/0-0),
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Then
|Thf(ix)| < c(IKy* f(x) + f*(x)).

Moreover, in the inequality above the roles of T,f(x) and K, * f(x) may be inter-

changed.

From the lemma above and the L7 results for T, f(x) it follows by changing
variables, that for any a, *+ 0 and real if we let

iaplx]
K,(x)= FE x(x| < 1), 0<b< oo,
then
(1.3) 1Ky * fll, < c Ml fll,s 1 <p<oo.

THEOREM (1.4). Let w € A,. Then there exists an ry, 1 < ry < p, such that for all r,
1<r<ur,

(1) [AA* g < Sl fllpss 1 <p < o0.
Letw € A,. Then
() w(x: f*(x) > A} < (¢/MIfll -

The result above is basic and due to B. Muckenhoupt. A proof may be found in
[2]. The next result we need is due to A. Cordoba and Fefferman [S]. To write it
down, recall that we say w € A if w € A4, for some p, 1 < p < 0.

THEOREM (1.5). Letw € A, and||f*||, ,, < 00. Then for 0 < p < oo,
/¥l < €I M p -

For a further discussion of 4, weights we refer to [2]. However, in the sequel the
following facts prove useful. The proofs of the statements below may be found in [2].

THEOREM (1.6). Let w € A, then:
(1) There exists anr, 1 < r < oo, such that for any cube I C R",

1 , Vrooe
(l—I—lflw dx) <mf[wdx.

(2) Let B(xy,r) = {x:|x — xo| < r). Then, fort > 1,
w(B(xg,tr)) < ct™w(B(xg,r)),
for some d > 1. We will refer to this fact by saying that w is doubling.
B IfweAd, then w € Aq,forq > p.
2. The L? inequalities for 1 < p < oo. For x € R, let

x|~ b
Hx
eilx]

K,,’p(x)=w, 0<b<o0,2<p< 0.
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LEMMA (2.1). Let (2 + b)/p < 1. Then,
Ko, *f], <l 1/p+1/p =1,

PROOF. We shall prove the lemma by using Stein’s theorem on complex interpola-

tion of operators [13]. We now define, forz = u + iy, 0 < 1/2,
ilx|~t
k;'z(x)z I—;lm, if|x|>€,
0, if|x| <e

We then define the operator 45 , by A5 _f(x) = K& _ * f(x). It is easily seen that for
fixed e > 0, A} . is an analytic family of operators in the sense of [13, p. 205]. It may
be seen from the definitions that if Rez = 0, then trivially,

(2‘2) ”A;zf“oo < C”f”l’
the constant ¢ being independent of &. Our aim then is to show that if Rez = 1/2,
(2.3) 45, A1, < U+ 1012)iIf 112,

the constant ¢ being independent of . To prove (2.3) it is enough to show that if
Rez = 1/2, then

(2.4) |K5 (&) < e+ 13172).
We now let Rez = 1/2 and define

8, = min((1/6)"", (3/2b)/""").
Then

ilx|™" ilx|™?

L€ € - e _
mAﬂ=Emeu<m<%W+mmmﬂm>%q

= g(x) + h(x).
Since Rez = 1/2 and b > 0, ||A|], < ¢, and hence, ||h(£)||°0 ¢. We are then left
with estimating g(£). By definition,
expi(lx|™” = (2 + b) yloglx| — x¢) |
(2.5) go=

e<|x|<8' 'x|(2+b)/2

We will henceforth write (2 + b)y as y.
In(2.5)wesetx = 1/tand 1 /e = N to get

expi(|t]® + ylogle| — &)
5(¢) = dr.
g(g) '/;,,<|t|<N |t|l_b/2

In the above integral we simply consider the case ¢ > 0, the process of estimating
t < 0 being similar. So we are left to estimate

v expi(t® + ylogt — &t~ l)
'/; ltll b/2

(2.6)

b
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We will denote t” + ylogt — &' by ¢(¢). The estimation is done by breaking
into two main cases. We pick a number n > 0 large enough so that

(2.7) b/4 < b/3 — (b/n)(2b/3)" """,
Clearly n depends only on b.

Case 1. |¢| > max(1, (n|y|/b)** V). We let t, = (3¢|/2b)"/**D 1f 1y < N we
split (2.6) as

(1) (1)
Iy € N e _
(2.8) fs tl_b/zdt+fto Tradi=A+B.
If N < 1, we just consider
N eV
(2.9) be = C

We note since |§| > 1, ¢, > §,.
The estimates for A and C are similar and we do these first. We claim that in both
Aand C,if £ > 0, then |¢'(2)] > c|¢|t™2, and if ¢ < 0, then [¢”(¢)] > c|é|t™>.
Now, if £ > 0, then since ¢ > 0 we get
W) = 1oy G > 7 = |y = (€ - 1y).
But in both 4 and C, t < t,. Hence, we get

tyl < (3/26)7" (b/m)iEl < 1412,
for large n. The choice 7 is again compatible with (2.7). It follows then that

(2.10) if§>0,then [/(2) > clélt™?, 1<t
We next consider £ < 0 and compute ¢’(¢). We show
(2.11) if ¢ <0,then |[Y"(1) > clé|t™3, 1<t

Now, ¢"’(t) = b(b — 1)t?72 — yt=% — 2¢173. To get (2.11) we consider the two cases
b>1land0 <b < 1.
If b > 1, and since £ < 0, we have

W () = 28107 = |yle? = 17 (2] — 1]y)).
But we have seen that if ¢ < ¢, then 7| y| < |£|/2. Thus |[¢”(2)| > 3/2|¢|t 3.
If 0 < b < 1, clearly
(O > 2807 = 1yl = b(1 = b)e"% = 17(2¢] — t]y| — b(1 = b)e**")
> 173 (28) - 182 - (1 - b)g)
because ¢ < 1. Substituting the value of ¢, the term on the right is bounded below

by t73(3|£|/2 — 3(1 — b)|£|/2). Thus we see that if ¢ < t,, |¢"(2)| > 3b|&|t /2.
If (2.10) holds, integrating by parts A or C we get for, say, A4,

oo |

_tl-—b/z\l/(t)

B Cfro eV gy N Cfro ey (t)dt
5, U 2P (0) s £ (yr(n))E
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For C, we replace ¢, by N at each occurrence above. In both cases, though, ¢ < ¢,
We now use the fact that |¢'(¢)] > c|¢|t™ % to get

A< clg] (1 + 0)™7) + clg) ! [ 2
sh

+elg| 2/ ( 143b/2 4 |y|tl+b/2 + |§|tb/2) '
b
The term C is also majorized by the term on the right side above. Using the fact that
t|y| < c|é), if t < t,, and substituting the value for 7, after performing the indicated
intégrations, we get
4] < clg]™" + clg|7P20 .

Since |£| > 1, it follows that | 4| and |C| are both bounded by a constant.

We now consider the situation (2.11). We define {(v) = [5 e"*{"dr. By Van der
Corput’s lemma [18, Volume 1, p. 197] and because (2.11) holds, |{(v)| <
c|v]3/?|€|~ /2. Integrating 4 or C by parts we get, say, for A4,

Lo S [ s

PIRDZAR 5, 1270/2

dr.

For C, we replace 7, by N at each occurrence above. We now substitute the estimate
for {(1) obtained above, to get
(b+1)/2

_ ! - L -
AL < el = eld [
b

Substituting the value for 7z, and using || > 1, we conclude that |4] and |C| are both
bounded by a constant.

We now estimate B. We claim here that since 7, <t < N, |¢'(¢)| > c®~". To see
this we note

W) =16+ oy + & = (b= |yl = D),
but since 7, < tand b > 0,
byl =&Y = b — |yl " — (€l D,
Substituting in the value of ¢, and using | y| < (b/1)|£|?/**", we get
b= 1yltg” = 1Eltg " = b~ (b/n)(2b/3) —2b/3.

In view of the choice of 1, as determined by (2.7), it follows that |/(¢)] > cz®~".
We now estimate B. Integrating by parts we get

.LM_'_)_ R AT 1 y(1)
], (12_"/24/(1)+t“”/2(¢'(t))2 “

Substituting the estimate for y’(¢) obtained above, we get

© _di S S 04 Bt DR
1B < b/2 + Cf (162 + C/; t3h/2( t £2 tl —b dr.
lo 0

b/(b+1)

B=.__
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Using the fact that |y| < (b/7)|£]°/°* P, |£] > 1, and the value for ¢, we easily see
that |B| < ¢ty */* < c.

We now consider the next case that arises.

Case 2. |¢| < max(1, (n]y|/b)**V/?). We pick a number a > 1; a will depend
only on b and its choice will be made later. We then define

o= max((a/b)l/h, (m]l)’|/b2)l/h)-

Note that ¢, > §,. We split (2.6) exactly as in (2.8) and (2.9), dependent on ¢z, < N
or N < t,. We dispose of 4 and C by simply noting that both 4 and C are majorized
by

o dt b/2 b2 1,2
j(; tl_h/ZSC(IO/ +8072) < (1 +1y]'?).
b

We now estimate B. We shall show that if ¢, < ¢ < N, then |[{/(¢)| > c¢z®~'. This will
be shown by considering the two cases n|y| < b and n|y| > b. Recall now that
Y()=btP" " + ypr7 + &2

We first consider the case n|y| < b. Then by the definition of ¢,, t, = (a/b)"/".
Thus we get

/() = 127 (b — |yle=" — 10T D).
But sincet, <t <N,
(2.12) W ()=t (b — |yltg? — €15 D).

Moreover, if 5| y| < b, it follows that |¢] < 1, hence

/(6> 1*7 (b~ b/(an) = (b/a)"""").
A suitable large value of a then ensures that b2/(an) + (b/a)**V/? < b/2. It then
follows that |¢'(¢)| = ct?~ .
We now let n|y| > b. Then ¢, = (an|y|/b*)'/? and |¢| < (n|y|/b)** /b, Using
these estimates in (2.12) we get
W= 7 (b = Iyl = (mlyl/b)" i)

The term in brackets on the right side is bounded below by b — b%/(an) —
(b/a)®* 1/t > b /2. So we have now proved that [/(¢)| > ct?~ .
Hence, integrating B by parts we get

el A 1 L
+ Cf e ([2-};/24}1(1«) + tl—b/z(llll(t))2 “

()

Hence, using the estimate |{/'(¢)| > ct

% 1
|B|<C’6”/2+cf( I b B 4 )dt.
fo

to

o

b=1 we get

[1H6/2 0 f143b/2 0 424362

Using the value for ¢, and performing the integrations, it follows that the right side
is bounded by a constant. This proves (2.4) and hence (2.3). Using the result of [13]



86 SAGUN CHANILLO

it follows that for fixed € > 0, and z = 1/p, we have by interpolating between (2.2)
and (2.3),

(2.13) \Ks,* 1, < clfl,,  1p+1/p =1

Up to this stage we have not made use of the hypothesis (b + 2)/p < 1. We shall
now make use of it for the limiting argument which will yield the lemma. Pick
fe L, p’ = 1. Note that it is only necessary to consider the case p’ = 1. Now
f=fn+r5n whe~re l£ll,» <8, 8 > 0 any preassigned number and f, € C5°(R). We
now show that Kj, , * fis a Cauchy sequence in the norm of L?. For ¢, < ¢,, then

(2.14) K5, *f— K, * f”p
<|(&, - &z, ) 1], +IKs, < £l, +[&5, * 4,

But

'IXI‘

Ky, (x) = K2, (x) = (,,—+2)/,,x( < Ixl <g).

Hence, [|K}',(x) — K2, (x)ll, < cey "+ /P since (b + 2)/p < 1. Hence, the right
side of (2.14) may be estlmated by 268 + €, "’+2)/p”/|| Hence, Kf p*f(x) 1s
convergent in L” norm. This proves our lemma. Q.E.D.

REMARKS. 1. For purposes of application it is enough to prove Lemma (2.1) for
the truncated kernels

i|x]| 4

K; ,(x) = I—XI‘—h”T/;X(e <Ix|<1).

2. Lemma (2.1) is valid in n-dimensions too. The kernels we consider then are

ifx|”"

- e
Kbvp(x) - |x|n(b+2)/p‘

Since these are radial functions, we can use the formulas for the Fourier transform in
Chapter 4 of [13].

The computation, however, follows the same outline as above. The point to
observe is that one makes the choice of ¢, at those points where the phase y/(7) is
stationary.

3. By a simple change of variable and from Lemma (2.1) it follows that, if we let

pioplxI ™!

Kbp(x)=lx|(b—+2)/;, a,,*Oandreal,

then for (b + 2)/p < 1,0 < b < o0,
&, * fll, < U fll /P 1/p =1

We will now use the lemma above to prove the basic estimate which will yield
Theorem A. For «, = 0 and real, x € R, recall that

ia,,lxl‘h

|x]

K,(x)= x(x|<1), 0<b<oo.
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LEMMA (2.15). Let f(x) € C(R). Then, forr > 1,
(Kp*x £)7(x) < ¢, , (1 £17)*/7(x).

PRrROOF. Since the operators we are dealing with are convolution operators it will
be enough to verify the above estimate for an interval centered at the origin. Let this
interval be called I, and let |/|=48. We fix a number, §,(») > 0, such that
8, + 8"V < 1/8 and 28, < 8)/°* Y. This is to avoid some trivial technical
problems. Moreover, it is clearly enough to prove the lemma for r, near to 1, i.e. we
assume that 0 < (b + 2)/r’ < 1, where 1/r + 1/r' = 1.

Case 1. 8 > §,. We let f(x) = fi(x) + f,(x), fi(x) = f(X)X(20/5,)r(x)- It follows
that

J1Ky = fldx < [IK, = fildx + [IK,* fy(x)ldx.
1 1 I

By the location of the support of f,(x), the last term vanishes. For the first term, on
the right we have

1/r
[iKy* fildx < (/|Kb*f]rdx) AR
1 R

By (0.1) the right side above is majorized by

1/r
(f mrd") 877 < 8(1/1)*/"(0).
(20/80)1

Hence, 8 '[,| K, * f|dx < c(|f|")*"/"(0). This verifies the lemma in this case.
Case 2.8 < §. Let f(x) = fi(x) + fo(x) + f3(x) + fo(x) + fs(x),

F1(x) = F()x2r(x), fo(x) = f(x)x{x: 28 < x| < 840+ D}(x),
f(x) = f()x{x: 8070 < x| < 1/2)(x), fa(x) = f(x)x{1/2 < |x| < 4}(x).

We estimate f,(x) first:
1/r
JiKo® fias < ([, firas) o
I R

1/r
S c(fz,lfn’dX) 8"/ < e(1f1)*/"(0).

Hence we get the desired estimate. We now note that if x € I, due to the location of
the support of fs(x), K, * fs(x) = 0. Now using the fact that |K,(x) < 1/|x], it
follows that for any x € I, |K, * f,(x)| < ¢f*(0). Hence we only have to estimate
f3(x) and £, (x). Define

eialtl™”
Cr =/ fi(1)ar.

l¢]
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Note that because f(x) is locally integrable and by the location of the support of
f3(2), ¢, is a finite number. For x € I,

(2.16) |K,* fi(x) — ¢

elaslx— I eia,,|r|“”
< JUA N =X = 1< 1) = S—x(ia < 1|
But if ¢ lies in the support of f;, and x € I,
efanlx—1"" eionltl
g X das ) -—p=xld< )
eia,,|x—r|"’ eia,,|1|"’ ,
= — < +2
o S el

The last estimate follows from the mean value theorem and because 2|x| < |7| < 1.
Substituting the last estimate in (2.16) we get

|Ky* f3(x) = ¢/l < f|f3(x ::Jlrz /If3,fi2|
ad 1

<cd Y

k=0 (2k8)(b+2)/(b+ 1 ./;ksl/(lw- Dglr]< 2k*1g1/tb+ 1)

< ¢f*(0).
Hence, (1/1I]) [;|K, * f3(x) — ¢;ldx < ¢f*(0).
We now estimate f,(x). Now

| f3(2)|dt

la,,|x 1|

Ky*f,(x) = f fz(’)dt

We split the above into two terms as follows:

eia,,|x—r|‘h 1 1
Kb*f2(x) _flx _ t|(2+b)/r’ Ix — Ill—(2+b)/r' N |I|I—(2+b)/r’ fZ(t)dt

: _ b
+/ ela,,|x 1] fz(t) ”
|X _ t|(2+b)/r' |t||—(2+b)/r’

=A + B.

Using the mean value theorem for the term in brackets in the integrand of 4, we get,
by noting |¢| > 2|x|, that

IAQ I f |/(2)ldr < cf*(0).

|4] < c|x| c Z
> | k=0 (2%8)**
Now B = K, . *(f,(2)/]t]' "/ )(x). Here

; -h
e“’h|x|

K, (x)=——.
h,r( ) |x|(2+h)/,

1|~ 2k8
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Hence, by inserting the estimates for A and B, we have

dx.

o AH(1)
@17 [IK,* foldx < cd*(0) + / K(mz(z—)/ (x)
We estimate the second term on the right above as follows:
’ 1/r
> 5H(1) > 5H(1)
/;Kb,r’*(l—w (x) Ky, PRV (x)| dx| .

We now use Lemma (2.1) (see Remark 3, following Lemma (2.1) too) to estimate the
right side above to get

r l/r
(2.18) < cal/'(/M dt)

|t|r—(2+b)(r— 1)

dx < 87 fR

ko 1/r
1/ k(= Do+ 1 ,
<7 ¥ (%) r fl,|_2k8|f(z)| dtl .

Here k,, is an integer such that 2%~ 1§ < §'/(* D < 2k0§. We thus estimate (2.18) by

ko 1/r
ca'/'( )} (2k8)"“"”*") (1£17)*/7(0)

k=0
< c8l/r8(r—l)(b+l)/r(b+|)(|f|r)*l/r(0) < C8(|f|r)*l/r(0).

Hence (2.17) is majorized by ¢8(|f|")*!/"(0), the desired estimate. Q.E.D.
REMARK. It is evident that the proof given above may be easily adapted to R”".

LEMMA (2.19). Let w € A,. Then, if 1 <p < oo, |[K;,* f|l,.. < ¢,lIf]l .-

PROOF. Our aim is to use Theorems (1.4) and (1.5). We recall that if w € 4 » then
w € A,. With no loss of generality we will assume that f € C§°. The lemma then
follows by a standard density argument. Note that to apply Theorem (1.5) we need
to show that || K, * f||, ,, < 0. Now we recall that if w € 4, then by Theorem (1.6)
there exists a number r, 1 < r < oo, such that [,w’(x)dx < co, where I is any
interval. Hence, noting that K,(x) has compact support and f(x) has compact
support, K, * f(x) has its support in some interval I. Thus, by Theorem (1.4),
/r

1/r 1
1Ky fll, < cpfl|1<,,*f|”w(x)dx < cp(fRIKh*fI"’ dx) (flw'(x)dx)

\/r
Sc(/lfl”"dx) < 00,

where 1/r + 1/r’ = 1. Hence, applying Theorems (1.4) and (1.5) we have for
weEA,,

1Ky * fllpe < S I(Ks * ) s 1 <p < o0,
But applying Lemma (2.15) to the right side above we get
1Ky * fllpow < SUAL17)* 71 0
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Choosing r sufficiently close to one, we immediately get, by Theorem (1.4),
”I(b"‘f“p,w< Cp”f”p,w’ 1 <p < 0.

This is the desired result. Q.E.D.
We now are in a position to give a proof of Theorem A of the Introduction.
PROOF OF THEOREM A. Using Lemma (1.2) we see

”be”p‘w < Cp”Kb'*f”p,w + ”f*”p‘w’

Applying Lemma (2.19) to the first term on the right side, and Theorem (1.4) to the
second term it follows immediately that ||T,f]|, ., < ¢l fll, .. 1 <p < . QED.

3. Preliminary lemmas for the weak (1,1) estimate. The aim of this section will be
to bring together the ingredients needed to prove Theorem C of the Introduction.
The emphasis of the proof, as pointed out before, will be on the multiplier. The first
result we wish to recall is a theorem of R. Coifman and R. Rochberg [3].

THEOREM (3.1). Let w(x) € A,. Then there exists 0,0 < o < 1, and functions g(x)
and h(x) such that w(x) = h(x)(g*(x))°. The function h(x) is essentially a constant,
i.e. there is a number ¢ > 0, such that ¢~' < h(x) < c. Moreover, if g(x) is any
locally integrable function such that g*(x) < oo a.e. and ¢~ ' < h(x) < c, then for any
0,0 <0 <1, h(x)g*(x))°isinA,.

We now wish to write down some results for weighted H' spaces which will prove
crucial in the subsequent development. The sequence of Theorems (3.2)-(3.4) is due
to Stromberg and Torchinsky and may be found in [14-16].

THEOREM (3.2) (ANALYTIC INTERPOLATION). Let w(x) € A,. Let T, be an analytic
family of operators in the following sense. For g € L* with compact support, f(x) €
L? N H), consider

g(x) ‘(=2 1-p(1—2)
U(z) = | T.f(x)>—18(x)17 "2 (w(x) dx.
RSy )

Here 1/p + 1/p" =1 and w,(x) = w(x)xg(x), E = {x: € <w(x) < 1/€}. Sup-
pose U(z) is an analytic function for z € S, the strip in the complex plane = {z:
1/2 < Rez < 1}, and let U(z) be continuous for Rez = 1 and Rez = 1/2. More-
over, assume that, for some N > 0,

IT.A M < (U + M Nl Rez =1,
and
ITAN; < clfll, Rez=1/2;
thenif Rez = 1/p, 1 < p < 2, we have
IT AN poerr < CHlflp2s-

We remark that the result of Stromberg and Torchinsky is much more general than
the statement here. However, we need only this special case of the general theorem
of [16). For example, the above result is valid for w € 4, provided we replace the
norm on the right side in the conclusion by the H?:-, norm.
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The next result we need is the atomic decomposition of H!. An atom is a function
a(x) such that:

(1) a(x) is supported in a cube I,

(2) f;a(x)dx = 0, and

A llall, < 1/w(l).

Then from [15] we have the following result.

THEOREM (3.3). Let w(x) € A,. Then if f € H), there is a sequence of atoms {a,)
such that f ~ X\ a; and || fln ~ ZIAL.

We need one more fact on the imaginary fractional integral. For f € éng(R") and
y € R, define R, f(£) = [£|”/(£). Since || = ¢'*8¥l, the multiplier operator R is
a Hormander multiplier. Then from [14] we have the next result.

THEOREM (3.4). Let w(x) € A,. Then
IR, Sl < (14 1YV A Nl

The constant N depends only on the dimension and is positive.

Theorem (3.4) stated here is a special case of a general multiplier result in [14].
The next aim will be to employ the results above to prove the following lemma.

LEMMA (3.5). Let w € A,. Then there exists p, = py(w), 1 < p, < 2, such that
1Ty f Wl pgw < €l fll g with a = b(1/py — 1/2).

Before we go about proving this lemma, we wish to remark that in n-dimensions
the above result is also valid except that the value of a = nb(1/p, — 1/2). The proof
of the lemma is atomic. The first step hence is the next lemma.

LEMMA (3.6). Let v € A,. Then | T, fll,., < cll fll -

PROOF. Let a(x) be an atom in H,, supported in an interval /, centered at x,. To
prove the lemma it is enough to show that ||T,al|, , < c. Since v € 4,, by Theorem
(1.6) we get

1 A LA
— [P L
(3.7) (|I|£v dx) < lllfltdx

for some p’, 1 < p’ < oo, and all intervals I. Choose p such that 1/p + 1/p’ = 1.
The estimates break up into two cases. We choose a number §, > 0 dependent only
onb, by 28, < 8)7b,28, + 8 * < 1/8.

Case 1. |I| > §,. This is the trivial case. Let I* = (10/8,)I. Now

f|Tba|odx <f |T, a|vdx +f IT,alvdx = A + B.
R ™ R\J*

The estimates for B are trivial ones. From (1.1) we see that, if x € R\ I*,

IT,a(x)| < mﬁa(tﬂdt < c( Ol(III) )( - _1x0|2 )
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Substituting this estimate in B we get

oc
BS(LII)f o(x) 2dx< it Y 1 2/ vdx.
(1) Mix=soi>1nlx = xo| o(I) ¢Zo (241)) = xol= 2411

Since v € A,, the last term is majorized by

oty =i ) )

Using the fact that |I| > 2, the above term is bounded above by a constant. To

estimate A,
1/p
1 ,
P _— p
A < (j;*lTbal dx) ( g f*v dx)
Using (0.1), (3.7) and the fact that v is doubling, the right side may be estimated by

C(L|a|de)l/p(|}|fodx) <ec.

Case 2. |I] < §,. To estimate this case we use the kernel estimates. Let |I| = §, and
= the interval concentric with 7, but with length §' ~®. Let I* = 21. Now

1/p’

f|T,,a|vdx sf |T,a|lvdx +f |T,alvdx = A + B.
R I R\I*

Now
/p’

< c(fR|a|de)W”(1) <

VG S ¢

1/p |
A< (f|T,,a|de) (f op'dx)
R *

We now estimate the term B. Now note by (1.1), forx € R\ I*,and b’ = b/(1 — b)
we get

IT,a(x)| < c|K, *a(x)] + Cflla(t)l

! +x(lx—xol<2))dt
(1 +|x — x0|)2 Ix = xol' ¢

< oKy *a(x) + C(lll) ((1 +|x — xol)_2 + x(jx = xo] < 2)|x — x0'—1+e).

But since |I| < 1 and v € 4,, the second term, when substituted into the integrand
of B, yields

v(z)fk\, (1+Ix = xg) 2 + x(1x = xo| < 2)lx — xo]"'**) v(x)dx <

Consequently, we are only left to estimate | K, * a(x)| for x € R\ I*. Now

/ |K, * alvdx <f |K, * alvdx +f |K, *alvdx = C + D.
R\I* AV R\J

The technique we use to estimate the terms C and D is the same as for the sharp
function estimates of Lemma (2.15). By the moment conditions on a(x), if x € R\ J,

. —b . —b
em,,|x—y| ela,,lx—x0|

K,,,*a(x)=cf( TR r— )a()’)dY-




WEIGHTED NORM INEQUALITIES 93

Clearly then, by the mean value theorem,

cd clI)? ( 1 )
Ky*a(x) < ————— [la(y)ldy < ; .
Ky * a(x)] |x—x0|“2/' Wi <55 | o1

Hence,

o(x)

v(l) = xgl>8 7 |x = xo| ¥

o

|12 1 ( 1
; vdx |,
o(I) (=5, (2+8)" "1\ (2%8) /|x_x0|<m

k, is a positive integer such that 2% < §' 7% < 2k* 1§ Using the fact that b’ =
b/(1 — b) and v € A,, the above is easily seen to be majorized by a constant. We
now estimate the term C. By the choice of §, the term C does arise. For x € J \ I'*,
we split K, * a(x) as follows:

M8

<

B ela,,]x vl 1 B 1 ( )d
Kb'*a(x) - C_/ lx — y|(h'+2)/p |x _y|l*(h’+2)/p |x — xoll—(b’+2)/17 ay)y

. 1
+C(K,,,‘p*a(x))|x — x| 2/ =E+F

Applying the mean value theorem to the term in brackets in the integrand of E, and
noting that fory € I, and x € J\ I*,|x — y| > ¢|x — x,|, we have

® olzf' aly)d C”f |2('J(11_))

Substituting the estimate above for E and the term Fin C we have

1 .
CI - f v(—x)zdx + cf'S |Ky , * al o(x) dx.

0(1) lx—xo|>8|X — Xg <|x—xpl<8' P |x — xoll—(h'+2)/p

By a standard argument since v € A4,, the first term is majorized by a constant. For
the second term we use Holder’s inequality to get

j’ |I~( *al v(x)

b'.p (B
Ix = xo|>8 |x = x| AP

1/p Y (x) 1/p
~ [ X
< | [1&y *a|de) / ) _ax| .
\( R P 8<lx—xol<8! " |x — xo| ¥R

Note that p’ may be chosen close to one; this means that (b" + 2)/p <1 and
Lemma (2.1) applies on the first term above. Hence, the term on the right is
majorized by

1/p" [ ko (b4 1 1/p
al? dx 2k8)' P T — v dx .
c(ﬁ | ) (kgo( ) 2kg ‘{X“x()l<2"8 )
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Here, 247! < §'~? < 2k0§. Now using b’ = b/(1 — b), and (3.7), the above is
majorized by

"(I) k=0

This proves Lemma (3.6). Q.E.D.

PROOF OF LEMMA (3.5). Since w € A4, by Theorem (3.1), w(x) = h(x)(g*(x))°,
0 < o < 1. With no loss of generality, to prove Lemma (3.5) we may take h(x) = 1.
Pick a number 7 such that 0 <7 < 1. Consider the weight (g*(x))" = v(x). The
weight v € 4, by Theorem (3.1). Now there exists a p,, 1 < p, < 2, such that
(2 — pg)n = o. This is the choice of p, for Lemma (3.5). Let us now define the
family of operators (T, ) for f € ég°0 by

|1|I/P o(I) 5 Koy 1/(1—6) I/p,<
[ )(E(”) ) s

T, J(£) = 6(¢) o e je).

We now wish to see that the family (7, .} is analytic in the sense of Theorem (3.2).
We have

If fe L> N H! and g(x) has compact support, note the integral above converges
absolutely. If 1 /2 < Rez < 1, by differentiating in z under the integral we get

U'(2) —/ —(T b.z ) (x) g(( ))l|g(x)|l76(|—Z)(Ds(x))|—l70(|—z)d

+f b f(x )g((x))l ;z(lg( )2 (g, (x)) TP z))dx‘

If fe L? and 1/2 < Rez < 1, (d/dz)(T, ,f)x) is also in L?, for it is nothing but
the L2-multiplier,

L (7, T)(6) = b0 (6)ogle) 2 (6)

This yields the boundedness of the first term. The boundedness of the second term
follows by a straightforward differentiation as indicated. Likewise, when Rez = 1 or
Rez = 1/2, it may be easily seen that U(z) is a continuous function. We now verify
the remaining hypotheses of Theorem (3.2).

If Rez = 1, note that T, ./ = T,R /. Here R is the Hormander multiplier given
by R f(g) = f(§)/|§|"” fe C8°0 By using Theorem (3.4) on the operator R, and
Lemma (3.6) on T,, we get for Rez = 1,

1T, flhe < e(U+ VIS N
By Plancherel’s formula, if Rez = 1/2, we get
T, . flly < cllfll2s Rez = 1/2.
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Thus, by the conclusion of Theorem (3.2) in view of the two inequalities above we
get

”Tb.l/pof”pg.v2 Po S C“f”po,vz"’()'

But 7,,, f=T,,.f, a=b(1/p,— 1/2) and w(x) = v>"7; the lemma follows.
Q.E.D.

Having accomplished the interpolation aspects of Theorem C, we now turn to the
geometric aspects of the proof of Theorem C. Before we proceed any further we wish
to write down some properties of Whitney decompositions of open sets. All these
properties are well known and their proofs may be found in Chapter VI of the book
by Stein [12].

LemMA (3.8). Let Q be any open set in R" such that R" \ € is nonempty. Then:

(a) @ = UI, I; are cubes, whose interiors are pairwise disjoint. Moreover, the sides
of the I’s are parallel to the coordinate axes.

(b) diam/; < dist(1;,R"\ £) < 4diam/,.

(c) Let I* = (9/8)1; then ; diam[; < dist(/},R"\ ©) < 4diam[,.

(d) Each point of Q is contained in at most (12)" of the cubes I'*. This is the bounded
overlap property.

We are now ready to state the basic lemma for localizing the weights.

LEMMA (3.9). Let Q be any open set in R", such that R"\ Q is nonempty. Let
g(x) > 0 be such that g(x) = 0if x € R"\ Q and g*(x) < oo a.e. Then there exists a
function p(x) > 0 such that p*(x) < oo a.e. x with the properties that, for @ = Ul a
Whitney decomposition satisfying properties (a)—(d) of the previous lemma, we have:

(1) ¢ 'g*(x) < p*(x) < cg*(x) a.e. x € R"\ ©, and ¢ > 0.

2) supr,J.p*(x) < cessinf,/g*(x), I¥ =(9/8)1,.

PrOOF. We define p(x) by

1
— t)dt, xelI,
o(x) = |1,|f,,g( ) J
0, x € R"\ Q.

p(x) is well defined as the cubes I; are disjoint. Clearly p(x)> 0 and since
g(x) € Li, p(x) € L. Since g*(x) < o a.e., note that it follows from (1) and (2)
that p*(x) < oo a.e. We now show the left-hand inequality of (1). For x € R"\ ,
pick an interval I such that x € I, and consider |I|”'f,g(¢)dt. Since g(x) has
support in &, consider those Whitney cubes I, such that I N I, = @&. The above

average then may be estimated by

1
(3.10) f, g(t)dt = ,,,[ ) llkm/hg(t)dt

L
o(t)d
!Ilm,*gfz (1)
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Now since x € R"\ {2, and x € I, there exists a number a > 1 dependent only on
the dimension such that if I N [, = &, then I, C I = al. This follows from (b) of
Lemma (3.8). Hence the last term in the chain of estimates above may be estimated
by

p(t)dr <= [ p(t)dt < = [p(1)dr.

|[' INlh = ‘/; f /

Hence it follows that since x € 1, too, then for any x € R"\ Q, g*(x) < cp*(x). The
other half of the inequality (1) may be proved as follows. Fix I, x € I, where
x € R"\ Q. Then using the definition of p(x) we get

i p(t)ahsi p(t)dr.
|11/, I

lI' Iﬂl =0

But [, p(#)dt = [; g(t)dr. Hence the right side above is majorized by

|”fg() ' &) |Ilfg(t)dt

lr\l==® A

Here I = al as before. The last term on the right side is bounded by g*(x). We have
hence proved that p*(x) < cg*(x) if x € R"\ €. This yields (1).

We now show (2). For x € 1 j?", fix I, x € I. With no loss of generality we assume
that 7 has its faces parallel to the axes. There are two natural cases which the
estimates for (2) split into.

Case 1. diam[I < j;diam/,. Consider now those Whitney cubes I,, such that
INI = @. We now claim that there is a constant ¢ dependent only on the
dimension such that the number of I,’s is bounded above by c¢. Moreover, we claim
that 3 diam/, < . < diam/; < 10diam/,. The first claim really follows from the second
one. For, by (a) of Lemma (3.8), if I N I, = @ and I,’s are disjoint and both I, and
I have faces parallel to the axes, then indeed, if diam/, > ydiam/I; > §; diam/, the
number of such I;’s has to be bounded by a constant c. So now we verify the second
claim. Pick any x, in R"\ Q. Now since INI, = @, IN Ij’." = @, and since
diam/ < 5 diam [, it follows that dist(/,,/*) < 3 diam[,. But we have

(3.11) jdiam [, < dist(x,,7¥) < dist(x,.1,) + dist(L,,[¥).
Substituting the estimate for dist(/,,I¥) into (3.11) we get
sdiam/; < dist(x,,1,) = dist(1,,R"\ ).

The last equality follows because x, was arbitrary. By Lemma (3.8) we know that
dist(I,,R"\ ) < 4diam/,. Thus, substituting this above we see at once that
& diam/; < diam /. Hence we have verified one-half of the claim.

We prove the remaining part of the claim by contradiction. Assume diaij <
,0 diam . Since we know that dist(I,1;) < ",diam it follows that dist(1*,1,) <
i diam/, and since diam/, < dlSt(XO,Ik) < dlst(xO,I*) +dist(1F, 1) it follows
that

diam/, < dist(x(,I*) + 45 diamJ,.
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Since x, is arbitrary the inequality above yields
3 diam I, < dist(x,,7*) < dist(1*,R"\ ) < 4diam/,.

But since diam/; < 1o diam/,, the inequality above yields the contradiction,
£ diamI, < dlamlk Thus, diam/, < 10diam/; as desired.
Now consider

1

1
— t)dt = — t)dt
ailed =1 ,n,*gfm,k p(1)

1 1

= INI|— t)dt.
71,2 0 g f s

But from the claim the number of terms in the sum above is bounded by a fixed

constant ¢(n). So we can estimate further by

max t)dt Ini max t)dr.
k=12.....c(n) |Ik|fg( ) |I|Z| A<, et Uy |fhg( )

Using the fact that dist(/,,[*) < 3 diam/ ', and %dlaml dlamlk < 10diam/;, we
can find a cube I, such that I D I, k = 1,2,..., c(n), I . C Tand |I|/|I,| < ¢ for all
k = 1,2,..., c(n). Hence, we estimate the term above by

IIl/g(t)dt cessmfg*(x)

Case 2. diam/ > 75 diamI,. We wish to con31der [I|™'f,0(¢)dt. It is evident that by
simply expanding /, one may simply consider the case diam/ > 10diam/,. We claim
that if (1, } is the subcollection of Whitney cubes such that I N I, = &, then one can
find a number a = a(n) such that af = I > I, for all k. To verify this it is enough to
show that if I N I, + @; then, diam/ > {;diamI,. We proceed by contradiction.
Assume diaml < j5diam/,. From these assumptions it follows that diam/ <
705 diam1,. Pick any x, € R"\ € such that dist(x,,/*) < Sdiam/; < 55 diam/,. But
(3.12) dist(xy,1,) < dist(xO,I/*) + dist(];",]k).

Now since I N I*= @, and I NI = &, we have that dist(/},1,) < diam/ <
16 diam1,. So from (3.12) it follows that

dist(xg,1;) < 35 diam/, + {5diam/, < {diam/,.

But diam/, < dist(x,,1,). Thus we arrive at a contradiction. Hence, diam/ >
15 diam 1, , and our claim is verified.
Letting diam/ > 10diam/;, we have
1
] / p(t)dr <

f,pmdz /,gmdz

|I| Inl=go UI Inn=@

¢ c
= tydt < — t)dt.
1] utkg( ) |I|/ig( )
The last term on the right is bounded by cessinf 1,8%(x). The lemma has been proved
in entirety. Q.E.D.
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4. The weak (1, 1) inequality. At this stage we are ready to prove Theorem C.

PrROOF OF THEOREM C. We consider the open set £ = {r: f*(¢) > A}. Since
IIfl,,, < oo, it is evident from (1.4) that w() < c||f|l, /A < oo, because w € A4,.
Thus R\ € is nonempty. One can then obtain a Whitney decomposition for § from
Lemma (3.8). Using (b) of Lemma (3.8) it follows that if @ = U I, then

1
ITlfl|f(t)|dt<c}\
JE

Moreover, if x € R\ € then |f(x)| < A. We write f(x) = ¢(x) + L,f(x), ¥(x) =
f(x)X r\g(x) and f;(x) =f(x)x,1(x). We also let h(x) = L,f,(x). We also assume
that f € C§°. If we prove Theorem C under this hypothesis, then the theorem follows
by a routine density argument. Now

(4.1) wlx:|T,f(x) > A} < wlx: [T, (x)l > A/2) + w{x: [T,h(x)| > A/2).
By Chebychev’s inequality the first term on the right side is bounded by

C C C
5 [T Pwax < 5 [ [WiPwdx < Sl

Note that for the first inequality we used Theorem A and the fact that if w € 4, then
w € A,. For the second inequality, we used the definition of ¢ (x). Hence we are left
to estimate the second term on the right side in (4.1).
Letting @ = U4, we have
w{x: [T,h(x)] > A/2) < w{x: R\ @, |T,h(x)| > A/2) + w(Q).
But since w is doubling, we have
= ¢
w(@) < Lw(dL) < cXw(l) < ew(@) <3Sl
J J
Now choose a function ¢ € C§°(R) and ¢ > 0 such that [¢(x)dx = 1 and ¢(x) is
supported in (—1/2,1/2). We let §, = |I |, and let ¢,(x) = 8 /(' "Vp(x/8//( =),
We eliminate the trivial terms very much like [6]. Let
h(x)= 2 f(x)+ X fi(x)=h(x)+hy(x).
/ J
|’j|j<8h 171> 8,

Here §, is such that §, = [1,/100] ~»/%_ By (1.1) we get

wix: R\ () >V2) <58 ff ol ()| d dx,

/)

Ix=x;1>27)
x; = center of /.
Since |I;| > §, and w € A,, a standard argument yields

/ w(x)dx

> < cessinf w(x).
x=xi> 200 [x = x| ’,

Substituting this in the right side of (4.2) we easily see that
- c
w{x: R\ @, |Thy(x) > A/2) < X”f”l.w'
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We will show that

(43) w{x: RA\QIT,h,(x) > A/2) < SISl
Now, consider the difference,
T,(h)(x) =T, qu* )x, x € R\ {.
|’,|<5h

Using (1.1) we may estimate the term above as follows:
Tn)e) = T £ £ (0 < B (1)00) = Ty 1)

Note that one is allowed the interchange of the summation and 7}, since f,(x) comes
from f(x) which is smooth. Now for x € R\ @ and b’ = b/(1 — b),

\T,(f, j)(x) - Tb(d)j*f})(x)l

m,,lx V- 1| eia,,lx—y] b
<<l |=y=a o KOs
! x(1x = x| <e)
+c(f|f,<y>|dy)  xlxmxi<a)
U (1+1x- le) |x = x|

Using the mean value theorem for the first term we see that for x not in 4/ s

(44) |T,(£)(x) = T,(¢; £;)(x)l

C(flllf,(y)ldy)

1/(1-b)
4

(b'+2)
(SJ. + |x — le)

- x| <
deoxicd |
lx — x| (1+1]x = x|)
Thus, from (4.4) it follows that
@5) L[ IT,(f) = T,(9,* f)lwdx
T YR\
81/ =»
1
c?('@fﬂ )’)fR\“j (8 Fx - l)(z b)AL=b)
x\x — x| <c
+ (I Jll_e ) + ! > wdx.
Ix — x| (1 +|x—xj|)

But since w is in A,, the second integral on the right is easily seen to be bounded by
cessinf LW Thus the right side of (4.5) is bounded by

cz(esslinfw)j;jmldy < cllflh -

J J
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Thus the term on the left in (4.3) is bounded by
NI w{x € R\ &: |T,,(Zq>, *f,)(x)l > A/4}’
J

the sum over j being of course taken over those /; for which |/} < §,
It is at this stage the estimates become delicate. Using Chebychev’s inequality,

> )\/4} }\pof

The number p, is the same for which Lemma (3.5) holds. Now by Theorem (3.1),
w(x) < c(g*(x))°, for some o, 0 <o < 1. Let g(x) = g(x)xq(x) + g(x)X g\ a(X)
= g(x) + g,(x). Hence, w(x) < c((gf(x))” + (g3(x))°). The function g(x)
satisfies all the hypotheses of Lemma (3.9), hence there is a function p(x), such that
for x € R\ @, (gF(x))° < c(p*(x))°. Note that by Theorem (3.1), (p*(x))° is a
weight in 4,. We call this weight w,(x). We denote (g¥(x))° as w,(x). By Lemma
(3.9) and Theorem (3.1) we have sup, . ;. w,(x) < cessinf,/ w(x), IF = %Ij. Note, too,
that w,(x) is also a weight in 4, and w,(x) < cw(x) for all x. So by Lemma (3.9),

(4.6) w{xER\SZ ,,(Z(bj*fj)pwdx.

Tb(Zﬁb *f)(x)

Po Po

wdx < (w, + wy)dx.

C
(4.7) ’\_”fk\a T,

By construction of w,(x) and w,(x) (the o being the same for both), Lemma (3.5)
applies with p, being the same for both w,(x) and w,(x). We now claim the
inequality

(Zo+) 6(Zo)

Po
(w, + w,)dx

i

1/p, + 1/py = 1. The operator G, . is the multiplier.

N
Gl (6) = LRI

1

(4.8) o g

Th(z‘i’j*fj)
J
Po
(w, + wy)dx,

Gb/Po( ?‘Pj * ff)

1(§) is a C* cut-off function, such that
_ (L &= 1/4
"(5)‘{0, 1€ < 1/8.

To see (4.8), we observe that T, comes in two pieces as follows:

e m(f)

|§|b/2-h/pb |§|”/Pb

f(8).

T,7(£) = 6(¢)
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Hence,

bf(x) ba(Gh/p() )(X) a=5b(1/2~ 1/p;).

Applying Lemma (3.5) to the operator T, , immediately yields (4.8). We now let I
=l .Notel,c I, c I*, I* = }1I,.
Our aim is to show that

Po
(4.9) [[Gom| Zo5)| wax < i,
J
Po
(4.10) '/;e Gh/p;,(zd’j *fj) wydx < AP YISl
J
If the two estimates above are proved then it follows from (4.8), (4.7) and (4.6) that
o e[ (Se gl A < S0

This is the desired estimate. Now
(4.11) Gh/p;)(quj *f,)(x) = EGb/p})((pj *fj)(X)Xi/(x)
J J

+ XG5 % £)(x) x5 (x)

=A + B.

It is well known that the kernel associated with G, ., which we will also call G, o
satisfies the estimates

(4.12) |Gb/p0( )l < CX(|||X|,,/,,O) CX(lellz2 ]) _ (IJ(x)

So using (4.12) in B we get

1Bl < Z[@w(x I (Dldy < X sup|¢>*¢(x—y)|f|f|dy

J )El

1
<c) sup D* ¢ (x — y)II,-I(mfllf,Idy)
JU

J Y€l

<AL [®x9,(x = y)dy < A+ L (g% x, )(x).
Jj ol J

But ® € L' and (9 * x 1 XXl < ¢ because of bounded overlaps. Hence,
1P *X (¢ * Xl < c So we get that | B| < A. Thus,

(4.13) jR|B|po(wl(x) +w,y(x))dx < cvo—'[RwKW, + wy)dx.
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Now we simply consider [;|B|w,dx. The term that remains may be estimated
similarly:

e < < [ [905 =)0+ o
R AN

< CZ(L_CD(X - xj)wldx)fl|fj|dy,
J J i

since ||¢;fl, = 1. Using (4.12) and a standard argument easily yields that, for
w, €A,

f_(l)(x = x;)w(x)dx < cessinf w (x) < cessinf w.
I 3 I,

The last estimate is valid because of Lemma (3.9). In case we were estimating the
part with w,(x), in the last inequality above, we would have used the obvious
estimate, cessinf i wy(x) < cessinf i w(x). So the right side of (4.13) is majorized by
cA?7 I f|l,...- So we need to show that
J1AIroCn + ) dx < APl
Now, by bounded overlaps,
/;|A]"°w,dx < cz_;/l_|c,,/pb*¢j*,;|%wl(x)dx.
J J

Using Lemma (3.9) we see the right side is majorized by

(4.14) Y sup wl(x)fl_|G,,/p6* ¢, * f|Podx
j o J

< cZ(esslinf W(X))/;|Gb/pb*¢j*fj|”°dx
J J

Po
< C%‘,(essl/inf w(x))/;zlGh/pb*¢j|P°dx(flJ|];|dx) .
But
Po
(flj|fj|dx) < c)\”"“|1j|"°“"[ll|f|dx.
Moreover, by the Hardy-Littlewood-Sobolev fractional integration theorem,
J1Go i 170 dx < el

Hence, (4.14) is majorized by

< c}\PO"Z(essian)fVldx < AAPTYIfl -
- I 1 '
J J J



WEIGHTED NORM INEQUALITIES 103

Now,
(4.15) fR|A|p0w2(x)dx < cxfljcb/mwj*f,|P0w2(x)dx.
J ol

But we recall that w,(x) = [(g(x)x RBQ)*(x)]". We also recall from Lemma (3.8)
that @ = UT* I* =3I The cube I, = 1. So evidently by the geometry, for
x € I, wy(x) < csup, (117 ",8(t)dt)° < cessinf,lw(x). The supremum being taken
only over those I, such that / . C L.

Thus (4.15) is majorized by

cZ(essinf w(x)>/ Gy * & % fi]P0dx.
i I R

J

Hence, proceeding as in (4.14) the term above is bounded by cA?o~ || f||, ,, as before.
This establishes the estimates (4.9) and (4.10) and hence Theorem C. Q.E.D.

The following corollary is evident from Theorem (1.4), Theorem C and Lemma
(1.2).

COROLLARY (4.16). Consider for x € R,

ilx|"

K,(x)= Sf—x(xI<1), 0<b<oo.

x|
If w € A,, then w{x: |K,* f(x)] > A} < (¢/M Sl 0 A > 0.

S. Inequalities for 7, , and Theorem D.
PrOOF OF THEOREM B. The proof is fairly standard. We employ Theorem (5.5.3)
of [1]. To do so we consider the analytic family of operators,

ol
1€1°

By the results of Fefferman and Stein in [7] (see (0.2)), it follows that, if
Rez = nb|1/p — 1/2|, then

T,.f(§) = 0(§) = f(§),  z=u+iy.

(5.1) 1T, fll, < e, (1 + D 11,

But if Rez = nb/2, Theorem A yields forw € 4 »

(52) 1T, Mo < € (1 + 1Y) 1F N5

Interpolating between (5.1) and (5.2) we have that, if y = (a — a)/(nb/2 — a), then
(5.3) 1Ty o fllpwr < Sl F1p -

Thus we get Theorem B. Q.E.D.
REMARK. It is easy to see that for the operators T, and weights w(x) = (1 + |x|)°,
a € R,one hasfor 1 < p < oo,

“Thf”p,w < C”f”p,w‘
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It is enough to see this for p = 2, and a an even integer. The remaining cases follow
trivially from interpolation with the unweighted case and hence by duality. Now if
a = 4k,

JITar it ax < Z/

( eililh i(é)) zdg

2w g2t \ T g

Straightforward differentiation by Leibniz’s formula yields that the right side is
bounded by [r|f|*(1 + |x)**dx. Hence, it follows that for w(x) = (1 + |x[)*,

k=012...,

1T, 1l < cllflla-
The remark follows.
THEOREM (5.4). Let w(x) = |x|*. If a« < —n or a > n(p — 1) then the inequality
1T S Ml < €SNl is false.
PRrROOF. The proof is by contradiction. We give a proof for n = 1. Note that by
duality it is enough to show that when a = p — 1, the inequality is false. Having

made this reduction we proceed with the proof.
Let ¢(§) € C§°(R) such that

Lo ¢
0. ¢

We let ¢ (&) = ¢(£/N), N > 4. Consider the function fN(g) = ¢y (£). Trivially, we
see that
(5.5) fn(x) = Nf(Nx), wheref(x) isa Schwartz function.

Thus from (5.5) and changing variables we get

6(¢) = {

<2
>4

(5.6) ittt ~tdx < c.

Our next aim is to estimate T, f, (x) from below. In particular, we will show that, for
x<0and 26N’ ' <2070 <b <1,

(5.7) T, fy(x) > ¢/|x]|.

If (5.7) is established then the lemma follows. For if (5.7) were true, then, if x < 0,
Nb—l < le < 2[7—],

dx
Plx|P! -
(5.8) -[RlTth| |x|?"'dx > cf ] > clogN for large N.

But if ||T,fll, qr < €|l fll,xp-1 were true, it follows from (5.6) and (5.8) that
log N < c. By letting N = oo we get a contradiction.
We now verify (5.7). Clearly,

'(IEI +$t)

T,fu(x) = [0(£)¢N(£) 77
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We now simply do a stationary phase computation. First we change variables in the
integral above by setting ¢ = #|x|'/(*~ 1. Using x < 0 we get

b/ Db =)

) . ) el
T,fy(x) = |x|(~b/2/ I)L¢N(t'xll/(b D) (¢]x| I))—Itl"/z dt.

We split the integral above into two pieces as follows:

21 eixlh/(b—l)(tb_[)
= x| —b/2/5=D 2b) by (1]x]/4= )6 (1]x|/ 5= D)

(by2)\/01- h) Itlb/z

+ remainder.
We note that for the remainder the phase function t® — ¢ does not possess a
stationary point. Thus the remainder may be treated by an integration by parts.
We note that the remainder is given by

|x|(1 ~b/2/(b=1) f +/ .
lel<(b/2)! /=P @by /TP < N T/

Recall too that |x| > 2bN®~D 0 < b < 1, hence the last term above in brackets
does not appear. Consider, then, just the part ¢ > 0 of the first integral above to get

ilx|P/ =D (b = 1)

- -1 [/ 1/(b=1 1/b-1) €
||~ b/D/P n/ o (11x]V/ED)0(1]x] /B~ D) —
0 1"/

Integration by parts gives us

- - ix|P/ =D b _ _ (by2)!/=h
|x|(1 b/2)/(b Deilx| (t t)¢N(t|x|I/(b I))e(tlxll/(b |))

(btb—l _ 1)|x|b/(b- I)tb/Z

0

PYE ARG

f(b/Z)'/‘l "’l I(l—3b/2)/(b—l)___
(bt2=1 — 1)¢b2

X [¢;,(t|x|‘/“"‘>)0(t|x|‘/<”‘”) + ¢80}, + ¢N0]dt

But if 0 << (b/2)/""®, we see that, |bt®~' — 1] > ct®~!, thus for the terms
above we get, keeping the supports of § and ¢, in mind,

30 b an [onlf]
clx| ! -2/ “(1 + [0 g0+ o0+ RS )

Using 2bN®~!' < |x| < 1 and performing the integrations above, we easily see the
remainder is O(1/|x|' ~2/21-8)),

For the dominant term above, if |x|'/®~D < N, from the definitions,
on(2]x]"/®~ D) = 1. Likewise, if |x|"/*~D > 2 then 6(¢|x|'"*" D)= 1. Thus for
N®~' < |x| < 2%, the integral equals

(5.9) Ix|(l—b/2)/(b—l) @)/ " PR "(t”—t)ltl—b/Zdt
. (b~ b)
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Using the stationary phase principle (for example, [4, p. 31]), we see immediately
that as |x| — O the integral above is equal to

ceiorxI”D 1 b/l
- - < < — (1-b) _ pl/(1=-b)
™ +0(|x||_b/2“_b)), 0O<b<l,a,=b b .
The remainder too is O(1/|x|'~%/%!=#) 0 < b < 1. Since |x| > 0, or what is in
other words N — 00, (5.7) is now evident. Q.E.D.

REMARKS. 1. For the case when n > 1, we define f,(x) in an analogous manner.
However, we need to show here that the estimate corresponding to (5.7) is

T, fy () = c/Ix|" NP~ < x| <27

Using the Hankel transform formula from [13],
00 o
(5:10) Tfu(x) = clxl 22 [“0(r) oy ()t o s (rix)

Jin-2,2(r) is the Bessel function of order (n — 2)/2. §(r) is the function 6(|x|) and
likewise ¢, (r). We now use the asymptotics of the Bessel function (see, for example,
(17, p. 42)):
J(n—Z)/Z(r) - (eir + e—ir) E ajr*(j+l/2) + O(r—m—3/2)‘
j=0

Choose m so that m + 3/2 > n(l — b)/2. The error term in (5.10) is thus
O(|x|~"~?/2), By integration by parts one may readily see that the dominant term
in (5.10) is

clx| (D72 °°0 ) () p7(=0/21/26i0=rixD gy
A N

This term arises if, in (5.10), we substitute just the first term of the asymptotic
expansion for J,_,, ,(r). Note that we ignore the terms in e'” for the simple reason
that they do not have a stationary point in the phase, and thus integration by parts
can easily handle them. In the integral above, we change variables by setting
r=|x|'/®" Dt to get

clxl—n+b/2(b— I)fooo(tlxll/(h— '))¢N(t|x|'/(b' I))tn(l =5)/2=1/2,ilx" V-0 gy
0

We break up the integral into two pieces by splitting up the integral for (b/2)!/(! =
<t < (2b)/0~® and the remainder. This is now exactly the case for n = 1. The
remainder is handled by integration by parts as usual. Applying the principle of
stationary phase to the dominant term we get

celent b/2A1-b
- —-n+ -
= T POk,
a,, as when n = 1, is equal to ®/(' =9 — pl/(1=6),
2. The techniques used above may also be used to show that in the context of 4,
weights, Theorem B is sharp.
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